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Abstract: Despite its idealizations, thermodynamics has proven its power as a predictive theory for practical
applications. In particular, the Curzon-Ahlborn efficiency provides a benchmark for any real engine operating
at maximal power. Here we further develop the analysis of endoreversible Otto engines. For a generic class
of working mediums, whose internal energy is proportional to some power of the temperature, we find that
no engine can achieve the Carnot efficiency at finite power. However, we also find that for the specific
example of photonic engines the efficiency at maximal power is larger than the Curzon-Ahlborn efficiency.
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1 Introduction
Thermodynamics was invented in the beginning of the Industrial Revolution to understand and improve
steam engines [1]. Rather curiously, however, in classic thermodynamics the only engine cycles that are fully
described are comprised of idealized processes, that can be thought of as successions of equilibrium states
[2]. Thus, such ideal modes of operation of any engine have to be quasistatic, i.e., infinitely slow and the
power output is strictly zero. In all practical applications, however, one is rather interested in the opposite,
namely operating the engine at its maximal power output.
Building on the framework of endoreversible thermodynamics [3], Curzon and Ahlborn spearheaded the
study of engines cycles at maximal power. In endoreversible thermodynamics one assumes that all processes
are slow enough that the system locally equilibrates, yet the processes are too fast for the system to reach a
state of equilibrium with the environment. More specifically, imagine an engine, whose working medium
is at equilibrium at temperature 𝑇 . However, 𝑇 is not equal to the temperature of the heat bath, 𝑇bath,
and thus there is a temperature gradient at the boundaries of the engine. Now further imagine that the
engine undergoes a slow, cyclic state transformation, where slow means that the working medium remains
locally in equilibrium at all times. Then, from the point of view of the environment the device undergoes an
irreversible cycle. Such state transformations are called endoreversible [3], which means that locally the
transformation is reversible, but globally irreversible.
Curzon and Ahlborn showed [4] that the efficiency of a Carnot engine undergoing an endoreversible
cycle at maximal power is given by,
𝜂CA = 1−
√︂
𝑇𝑐
𝑇ℎ
, (1)
where 𝑇𝑐 and 𝑇ℎ are the temperatures of the cold and hot reservoirs, respectively. Since its discovery the
Curzon-Ahlborn efficiency (1) has received a great deal of attention. For instance, it has been found that
also endoreversible Stirling cycles at maximum power are described by 𝜂CA [5]. Yet, it has also been shown
that whether or not a finite time Carnot cycle really assumes 𝜂CA is determined by the “symmetry” of the
dissipation [6].
In the present analysis we focus on the Otto cycle. For maximally powerful Otto engines the situation is
a little more involved, and it has been shown, e.g., that an endoreversible Otto engine with an ideal gas as
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working medium [7] at maximal work does assume 𝜂CA. Similarly, harmonic quantum Otto engines reach
the Curzon-Ahlborn efficiency in the quasistatic limit [8, 9]. More recently, it was demonstrated that the
efficiency of endoreversible Otto engines at maximal power depends on the equation of state, i.e., the nature
of the working medium [10–14] and the specific implementation of the power stroke [15–19].
In the following analysis we will generalize and extend the framework developed by one of the authors
in Ref. [11]. In particular, it was shown in Ref. [11] that endoreversible Otto engines with working mediums
whose internal energy is linear in temperature, such as ideal gases or classical harmonic oscillators, do
operate at the Curzon-Ahlborn efficiency (1). However, it was also shown that more complicated working
mediums, such as the quantum harmonic oscillator, can exhibit an efficiency that is significantly larger.
This raises the natural question, whether there is an optimal working medium for which the efficiency of
an endoreversible Otto engine achieves even the Carnot efficiency. For instance, using different techniques
Refs. [17] and [20] showed that in principle it is possible to construct finite-time engines that do achieve the
Carnot efficiency at maximal power output. In the present analysis we will show that this is not the case
for a generic class possible working mediums in endoreversible Otto engines.
2 Preliminaries: endoreversible Otto cycle
We start by briefly reviewing the endoreversible Otto cycle that was put forward in Ref. [11]. The ideal
Otto cycle is a four-stroke cycle consisting of isentropic compression, isochoric heating, isentropic expansion,
and ischoric cooling [2]. The endoreversible generalization is then comprised of the following four strokes:
Isentropic compression (reversible). During isentropic processes thermodynamic systems do not exchange
heat with the environment. Therefore, during the isentropic compression the working substance can be
considered independent of the environment, and thus the stroke remains fully reversible. From the first law
of thermodynamics, Δ𝐸 = 𝑄+𝑊 , we have,
𝑄comp = 0 and 𝑊comp = 𝐸(𝑇2, 𝑉2)− 𝐸(𝑇1, 𝑉1) (2)
where 𝑄comp is the heat exchanged, and 𝑊comp is the work performed during the isentropic compression
from 𝑉1 to 𝑉2.
Isochoric heating (endoreversible). During the isochoric strokes the volume, 𝑉 , is held constant, and
the system exchanges only heat with the environment. Thus, we have for isochoric heating
𝑄ℎ = 𝐸(𝑇3, 𝑉2)− 𝐸(𝑇2, 𝑉2) and 𝑊ℎ = 0 . (3)
In complete analogy to Curzon and Ahlborn’s original analysis [4] we now assume that the working substance
is in a state of local equilibrium, but also that the working substance never fully equilibrates with the hot
reservoir. Therefore, we can write
𝑇 (0) = 𝑇2 and 𝑇 (𝜏ℎ) = 𝑇3 with 𝑇2 < 𝑇3 ≤ 𝑇ℎ , (4)
where 𝜏ℎ is the duration of the stroke.
Since the rate of heat flux cannot be assumed to be constant for isochoric processes [11] , we have to
explicitly account for the change in temperature from 𝑇2 to 𝑇3. We have with the help of Fourier’s law [2]
that,
𝑑𝑇
𝑑𝑡
= −𝛼ℎ (𝑇 (𝑡)− 𝑇ℎ) (5)
where 𝛼ℎ is a constant depending on the heat conductivity and heat capacity of the working substance.
Equation (5) can be solved exactly, and we obtain
𝑇3 − 𝑇ℎ = (𝑇2 − 𝑇ℎ) exp (−𝛼ℎ𝜏ℎ) . (6)
In the following, we will see that Eq. (6) is instrumental in reducing the number of free parameters.
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Isentropic expansion (reversible). In complete analogy to the compression, we have for the isentropic
expansion,
𝑄exp = 0 and 𝑊exp = 𝐸(𝑇4, 𝑉1)− 𝐸(𝑇3, 𝑉2) . (7)
Isochoric cooling (endoreversible). Heat and work during the isochoric cooling read,
𝑄𝑐 = 𝐸(𝑇1, 𝑉1)− 𝐸(𝑇4, 𝑉1) and 𝑊𝑐 = 0 , (8)
where we now have
𝑇 (0) = 𝑇4 and 𝑇 (𝜏𝑐) = 𝑇1 with 𝑇4 > 𝑇1 ≥ 𝑇𝑐 . (9)
Similarly to above (5) the heat transfer is described by Fourier’s law
𝑑𝑇
𝑑𝑡
= −𝛼𝑐 (𝑇 (𝑡)− 𝑇𝑐) , (10)
where 𝛼𝑐 is a constant characteristic for the cold stroke. From the solution of Eq. (10) we now obtain
𝑇1 − 𝑇𝑐 = (𝑇4 − 𝑇𝑐) exp (−𝛼𝑐𝜏𝑐) , (11)
which properly describes the decrease in temperature from 𝑇4 back to 𝑇1.
Endoreversible Otto efficiency. The efficiency of any heat engine is defined as work performed by the
engine divided by the heat absorbed from the hot reservoir [2],
𝜂 = −𝑊tot
𝑄ℎ
= −𝐸(𝑇2, 𝑉2)− 𝐸(𝑇1, 𝑉1) + 𝐸(𝑇4, 𝑉1)− 𝐸(𝑇3, 𝑉2)
𝐸(𝑇3, 𝑉2)− 𝐸(𝑇2, 𝑉2) , (12)
where we used Eqs. (2), (3), (7), and (8). To further compute 𝜂 we now need to specify the working medium.
3 Otto efficiency for generic working mediums
As mentioned above, it was shown in Ref. [11] that for working substances whose internal energies are linear
in temperature, 𝐸 ∝ 𝑇 , the endoreversible Otto efficiency (12) becomes identical to 𝜂𝐶𝐴 (1) at maximal
power. This scenario includes the harmonic oscillator, the ideal gas, and also the van der Waals gas. However,
it was also shown in Ref. [11] that for nonlinear equations of state 𝜂 (12) assumes other values.
3.1 Polynomial fundamental relations
Therefore, we now consider the generic case with fundamental relation,
𝐸 = 𝜖 𝑉 𝑇𝑁+1 and 𝑆 = 𝜎 𝑉 𝑇𝑁 (13)
where (as usual) 𝑆 is the entropy, and 𝜖 and 𝜎 are constants that are specific for the working medium.
The latter expressions allow to find a relationship between volume and temperature. To this end, note
that we have by construction of the Otto cycle
𝑆(𝑇1, 𝑉1) = 𝑆(𝑇2, 𝑉2) and 𝑆(𝑇3, 𝑉2) = 𝑆(𝑇4, 𝑉1) . (14)
Using the explicit form of the entropy (13) we immediately obtain
𝜅 =
(︂
𝑇3
𝑇4
)︂𝑁
=
(︂
𝑇2
𝑇1
)︂𝑁
, (15)
where we introduced the compression ratio 𝜅 ≡ 𝑉1/𝑉2. It is then a simple exercise to show
𝜂 = 1− 𝜅−1/𝑁 , (16)
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which is the Otto efficiency for any working medium with Eq. (13) for some value of 𝑁 .
Efficiency at maximal power. In complete analogy to Curzon and Ahlborn [4] one can now define the
power output per cycle,
𝑃 = 𝑄ℎ +𝑄𝑐
𝛾(𝜏ℎ + 𝜏𝑐)
(17)
where we absorbed the duration of the “working strokes” into the pre-factor 𝛾. Substituting the expression
for the internal energy (13) and Eqs. (10) and (5), the power can be written as 𝑃 = 𝑃 (𝜅, 𝜏ℎ, 𝜏𝑐, 𝑁), where
we assumed the temperatures of the heat baths, 𝑇ℎ and 𝑇𝑐, are given and constant. The task is now
to maximize the power 𝑃 has a function of the stroke times, 𝜏ℎ and 𝜏𝑐, and the compression ratio, 𝜅.
Furthermore, 𝑁 is an additional free parameter. Maximizing 𝑃 as a function of 𝑁 would then allow to
identify the “optimal” working medium with the highest maximal power. However, there is no guarantee
that the determined value of 𝑁 corresponds to an existing physical system.
3.2 No optimal working medium with Carnot efficiency
Furthermore, the optimization problem can also be turned around, and we now ask for which 𝑁 the power
is maximized as a function of 𝜅 such that the efficiency (16) becomes identical to the Carnot efficiency.
To this end, we compute the analytical expression of the power (17), which results in a rather lengthy
expression, see also Ref. [11]. To avoid clutter in the formulas and for the sake of simplicity, we hence
assume that the stroke times are identical, 𝜏𝑐 = 𝜏ℎ = 𝜏 , and also that the heat conduction coefficients are
the same, 𝛼𝑐 = 𝛼ℎ = 𝛼. Using the explicit form of the internal energy (13) and the endoreversible heating
laws (10) and (5) we obtain
𝑃 (𝜂, 𝜏) = 𝜖𝑉2 𝜂
2𝛾𝜏 (1 + exp (𝛼𝜏))𝑁+1
[︃(︂
exp (𝛼𝜏)𝑇ℎ +
𝑇𝑐
1− 𝜂
)︂𝑁+1
−
(︂
𝑇ℎ +
exp (𝛼𝜏)𝑇𝑐
1− 𝜂
)︂𝑁+1]︃
, (18)
where we also used the Otto efficiency (16).
We immediately notice two striking consequences: (i) The endoreversible power output is a reasonably
simple function of the efficiency (16). However, this does not mean that the trade-off between power and
efficiency is trivial. And more importantly, (ii) if 𝜂 is identical to the Carnot efficiency, 𝜂 = 1− 𝑇𝑐/𝑇ℎ, the
power exactly vanishes. Thus, no thermodynamic system with a fundamental relation of the form (13) can
achieve the Carnot efficiency at any finite power.
Efficiency at maximal power. The remaining task is to determine the efficiency at maximal power. To
this end, we simply need to determine the maximum of 𝑃 (𝜂, 𝜏) (18) as a function of 𝜂. For general 𝑁
this leads to having to solve an 𝑁th order polynomial. Therefore, we will conclude the analysis with an
analytically solvable example.
3.3 Example: photonic Otto engine
To ground the discussion in reality and for pedagogical reasons, we now chose 𝑁 = 3, for which Eq. (13)
describes the photonic gas [2]. Specifically, we have
𝐸 = 𝜖 𝑉 𝑇 4 and 𝑆 = 𝜎 𝑉 𝑇 3 (19)
where
𝜖 = 𝜋
2𝑘4𝐵
15𝑐3ℏ3 and 𝜎 =
4
3 𝜖 . (20)
Accordingly, the endoreversible power (18) becomes,
𝑃 (𝜂, 𝜏) = 𝜖𝑉2 𝜂
2𝛾𝜏 (1 + exp (𝛼𝜏))4
[︃(︂
exp (𝛼𝜏)𝑇ℎ +
𝑇𝑐
1− 𝜂
)︂4
−
(︂
𝑇ℎ +
exp (𝛼𝜏)𝑇𝑐
1− 𝜂
)︂4]︃
, (21)
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Fig. 1: Efficiency at maximal power (solid, red line) for the photonic Otto engine (21) together with the Curzon-Ahlborn
efficiency (purple, dashed line) and the Carnot efficiency (blue, dotted line). Parameters are 𝛼𝜏 = 1.
which we now maximize as a function of 𝜂 for a fixed value of 𝛼𝜏 . Note that 𝜖, 𝑉2, and 𝛾 enter the
expression for 𝑃 (𝜂) in Eq. (21) only as pre-factors. Thus, the value of 𝜂, for which 𝑃 (𝜂) takes a maximum,
is independent of 𝜖, 𝑉2, and 𝛾.
The first derivative of 𝑃 (𝜂) is then a third order polynomial with only one real root, which determines
the efficiency at maximal power. In Fig. 1 we depict the solution for 𝛼𝜏 = 1. We observe that the efficiency
is significantly larger than the Curzon-Ahlborn efficiency (1), but also nowhere close the maximal efficiency
at zero power, i.e., the Carnot efficiency.
4 Concluding remarks
In a previous work [11] it was shown that endoreversible Otto engines at maximal power do not necessarily
operate at the Curzon-Ahlborn efficiency. In Ref. [11] the focus was put on whether or not quantum effects
could lead to an enhancement of the efficiency. However, it was found that it is actually the fundamental
relation that determines the efficiency at maximal power. This observation was further solidified in the
present analysis, in which we showed that systems whose internal energy is proportional to some power of
the temperature can be treated analytically. We found that for this class of systems there is no “optimal
working medium” for which finite power can be achieved at the Carnot efficiency. Finally, we showed that
also for photonic gases the efficiency is larger than the Curzon-Ahlborn efficiency. This result is remarkable
as this means that the efficiency of engines working with massless ideal gases (photons) is larger than the
one working with massive ideal gases.
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